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Abstract 

We consider the <7-Painleve III equation arising from the birational representation of the 
afiine Weyl group of type (A2 +AiY^K We study the reduction of the <7-Painleve III equation to 
^ . the ^7-Painleve II equation from the viewpoint of afiine Weyl group symmetry. In particular, the 

^ I mechanism of apparent inconsistency between the hypergeometric solutions to both equations 

^ ' is clarified by using factorization of difference operators and the r functions. 
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1 Introduction 



The discrete Painleve equations have been studied actively from various points of view. Together 

^ I with the Painleve equations, they are now regarded as one of the most important classes of equa- 

• tions in the theory of integrable systems (see, for example, [6]). Originally, the discrete Painleve 

. equations had been identified as single second-order equations [1-3, 33, 37] and then were gener- 

^ . alized to simultaneous first-order equations. A typical example is the following equation known as 

^ [ a discrete Painleve II equation [33, 37]: 
^ ■ 

G^ ; _ {an + b)xn +c 

O . Xn+i + Xn-i — , (f-fj 



where x„ is the dependent variable, n is the independent variable, and a, ^, c 6 C are parameters. 



^ ■ By applying the singularity confinement criterion [7], (1.1) is generalized to 
■ 

_ (an + b)Xn + c + {-!)" d 

Xn+l + Xn-l — r— ^ , tt.Z; 

i — JC„ 

where J is a parameter, with its integrability preserved. Introducing the dependent variables Xn 
and Yn by 

X„ = X2n, Y„ = X2n~\, (1-3) 

then (1.2) can be rewritten as 

{Ian + b)X„ + c + d (a(2n + I) + b)Yn+i + c - d 



Yn^l + Yn = - -— , X„^i+X„ = — ; ' . (1.4) 

1 — A„ 1 — /„ 



Equation (1.4) is known as a discrete Painleve III equation since it admits a continuous limit to 
the Painleve III equation [5]. Conversely, (1.1) can be recovered from (1.4) by putting d = and 
(1.3). We call this procedure "symmetrization" of (1.4), which comes from the terminology of the 
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Quispel-Roberts-Thompson (QRT) mapping [34,35]. After this terminology, (1.4) is sometimes 
called the "asymmetric" discrete Painleve II equation, and (1.1) is called the "symmetric" discrete 
Painleve III equation [21]. 

It looks that the symmetrization is a simple specialization of parameters at the level of the 
equation, but some strange phenomena have been reported as to their particular solutions expressed 
in terms of hypergeometric functions (hypergeometric solutions). The hypergeometric solutions to 
(1.1) have been constructed as follows [9, 19]: 

Proposition 1.1 For each N let t'I be an N x N determinant defined by 



Tm = 



Hn+2 
Hn+3 



Hn+2N-2 
Hn+2N-1 



Hn 



where Hn is a function satisfying the three-term relation 

Hn+i - zHn + nHn-i = 0. 

Then, 



+3N~3 



(1.5) 



Xfj — 



—n+l —n 



,n+l 



- 1, 



satisfies (1.1) with the parameters 



8 

« = -T, 



b = 



4(1 + 2A^) 



c = 



4(1 + 2N) 



(1.6) 



(1.7) 



(1.8) 



On the other hand, since (1.4) appears as the Backlund transformation of the Painleve V equation 
[28,38], its hypergeometric solutions are essentially the same as those to the Painleve V equation 
[22, 31]. The explicit form of the hypergeometric solutions to (1.4) are given as follows: 

Proposition 1.2 For each N €M, let t'I:'" be an N x N determinant defined by 



K+\ K+2 



n+N-\ 



K 



n+N 



n+2N~2 



(1.9) 



where K"^ is a function satisfying 



- K';: - tK'::l = O, nK^^, - (« + t)K - - mW^' = 0. 



(1.10) 



Then, 



Xn = 2(n + 2N - 1)- 



n,m n,m 

'n+i~n 



ry n—\,m—\n,m+\ 

-1, y„ = - ' -1, 



)i-l.m-l «+l,m+l ' f n-\,m n,m 



satisfy ( 1 .4) with the parameters 



4 -4(-m + 2A^ - 1) 

a = — , b = , 

t t 



2(1 + 2A^) 2(2m + 2A^ - 3) 
c = , d = . 



(1.11) 



(1.12) 
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It is obvious that substituting d = into the hypergeometric solutions to (1.4) in Proposition 1.2 
do not yield those to (1.1) in Proposition 1.1. In particular, we remark the following differences 
between the two solutions: 

(i) the hypergeometric functions are different. Equation (1.6) can be solved by the parabolic cylin- 

der function (Weber function), while (1.10) can be solved by the confluent hypergeometric 
function. In fact, the former function is expressed as a specialization of the latter, but this 
specialization is not consistent with the symmetrization; 

(ii) structures of the determinant are different. The determinant (1.5) has asymmetry in the shift 

of index: the shift in the vertical direction is one while that in the horizontal direction is two. 
On the other hand, the determinant (1.9) is an ordinary Hankel determinant. 

We note that similar phenomena have been reported also for some other discrete Painleve equa- 
tions [8, 18,25]. Many integrable systems admit particular solutions expressed in terms of de- 
terminants, but such an asymmetric structure of the determinant solutions has been seen only in 
the hypergeometric solutions to the discrete Painleve equations. Note here that these phenomena 
cannot be seen for the algebraic (or rational) solutions. For example, it is known that substitut- 
ing d = into the determinant expression of the rational solutions to (1.4) yields those to (1.1); 
see [20,23,24]. 

The T function is one of the most important objects in the theory of integrable systems and is 
regarded as carrying the underlying fundamental mathematical structures. Concerning the discrete 
Painleve equations, investigation of the t functions started [18, 19] through the search for the 
explicit formulae of the hypergeometric and algebraic solutions. In fact, the above mysterious 
asymmetric structure has been one motivation of further study. 

It is now known that theory of birational representations of affine Weyl groups provides us with 
an algebraic tool to study the Painleve systems [27,29-32]. Moreover, a geometric framework 
of the two-dimensional Painleve systems has been presented based on certain rational surfaces 
[15,39]. Combining these results enables us to study the Painleve systems effectively. For instance, 
it played a crucial role in the identification of hypergeometric functions that appear as the particular 
solutions to the Painleve systems in Sakai's classification [12-14]. 

The purpose of this paper is to clarify the mechanism of the phenomena of hypergeometric 
solutions from the viewpoint of the affine Weyl group symmetry. We shall take the i^-Painleve 
equation of type (A2 -I- Ai)*^^^ as an example, which is the simplest non-trivial discrete Painleve sys- 
tem [39]. The key is to formulate the symmetrization in terms of the birational representation of the 
affine Weyl group, where the discrete Painleve equation arises from the action of the translational 
subgroup. In fact, the discrete time evolution of the symmetric case comes from a "half-step" of a 
translation of the affine Weyl group through a restriction to a certain line in the parameter space. 
Conversely, we can derive various discrete Painleve equations from elements of infinite order that 
are not necessarily translations by taking a projection on a certain subspace of the parameters. We 
call such a procedure to obtain a "smaller" discrete time evolution of Painleve type a projective 
reduction. 

This paper is organized as follows: in Section 2, we introduce a (^-Painleve III equation and 
derive a ^-Painleve II equation by applying the symmetrization. Then we give a brief review on 
their hypergeometric solutions. In Section 3, we first introduce the family of Backlund transforma- 
tions of the ^-Painleve III equation, which is a birational representation of the affine Weyl group 
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of type (A2 + Aiy^\ We next lift the representation on the level of r functions and derive various 
bilinear equations. We then clarify the mechanism of the inconsistency among the hypergeometric 
solutions by using this framework. Some concluding remarks are given in Section 4. 

Note. We use the following conventions of ^-analysis throughout this paper. 
^-Shifted factorials: 



(a;q)t = Y\(^-aq'-'). (1.13) 



i=i 



Basic hypergeometric series [4]: 



fc^'^) = Z ^";f' , i-w-^^'h'. (1.14) 



Jacobi theta function: 
Elliptic gamma function: 



where 



It holds that 



@(a;q) = (a;q)oo(qa \q)oo. (1-15) 
{q^a-'-p,q)^ 

Y(a;p,q) = — , (1-16) 

{a;p,q)oo 

k-i 

ia;p,q)k = Y]il-p'q^a). (1.17) 



i.j=0 



&(qa;q) = -a ^&(a;q), (1-18) 
Y(qa;q,q) = &{a;q)r(a;q,q). (1-19) 



2 ^-Pin and ^-Pn 

We consider the following system of ^-difference equations [11, 17, 39]: 

_ ^ £_ i + apq jn r _ £ £_ t + a2aoq gn+i ,^ 

y,,g„ ao^" + /„ fngn+i a2aoq" '" + gn+l 

for the unknown functions /„ = fn(m,N) and g„ = g„{m,N) and the independent variable n e Z. 
Here m,N eZ, and Uq, a2, c,q e are parameters. Equation (2.1) has the (extended) affine Weyl 
group symmetry of type (A2 + AiY^^ and is known as a ^-Painleve III equation (^-Pm) since the 
continuous limit yields the Painleve III equation. We also consider the following ^-difference 
equation [25,36]: 

_q_^l+aoq^ 

for the unknown function Xi, = Xi,{N) and the independent variable k e Z. Equation (2.2) is a 
^-Painleve 11 equation (^-Pn) and actually it admits a continuous limit to the Painleve II equation. 
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Note that substituting 
and putting 



m = 0, 6(2 = q^^^, 
fk(0, N) = X2km gk(.0, N) = X2k-iiN), 



(2.3) 
(2.4) 



in (2.1) yield (2.2). 

We shall briefly review the hypergeometric solutions to ^-Pm and ^-Pn following [11,25] and 
then compare their structures. 



2.1 Hypergeometric solutions to ^-Pm 

First, we review the hypergeometric solutions to ^-Pm. For each e Z>o, let t/^^'" be an A'^ x A'^ 
determinant defined by 



-* n,m 
Fn-lj 



where Fn m satisfies 



n+l,m 



Fn+l,m 
^ n,m 



Fn+N-l,m 
Fn+N-2,m 



' "An 



(2.5) 



-F„ 



-ao^q^"F„,„.i, 



T7 — f — —n ~2^lm-vl 17 



Lemma 2.1 ( [11]) satisfies the following bilinear difference equations: 



2 2n~2 in-\,m~\ i n,m 2N i n,m-\ in—l,m , in~\,m-\ i n,m 

ao q i^N+i 'Aw -q '^N+i +'A/v 'A 



in,m /«,m— 1 

"A^+iiAw 



—2N in—\,m—\ in+ijn „ z „zn i n.m ii 



2^2njn,m^in,m-\ _ 



0, 



I n,m in—\,m—\ in,m-l /n-l,m , -2 2m i n,m ;«-l,m-l 



;n,m-l I n,m 

'Aa;+i iAa 



—2 2m in-\,m~\ , n+i,m , n,m-l • n,m r\ 



= 0, 
0, 



'N+1 ^ YN 

l,m-l jn,m-\ ^in-l,n 

'N ~ " 

1 1 

Proposition 2.2 ( [11]) The hypergeometric solutions to q-Vm, (2.1), with c = 1 are given 



fn - -«0<? 



in,m-\ ,n,m 
, njn I n,m-l 



I n,m /«-l,m-l 
•Aa/^iIAa 



?n - «0 «2^ 



,n-l,m~l I n.m 

"Aw+i "Aa 



(2.6) 



(2.7) 
(2.8) 
(2.9) 
(2.10) 

(2.11) 



'N 



Proposition 2.2 follows from Lemma 2.1. 

Remark 2.3 (1) The general solution to (2.6) is given by 



^ n.m 



^n,m / .2^2^ 2 2«-2m 



+ B 



e(ao^a2^q^"~^"'-^;q^) 



n,m 







'(a2V^-2;^2)^e(^^2^2.. ^2)1^1 (^,-2^2..4;^ ,ao q 
where A„ „ and 5„ ^ are periodic functions of period one for n and m, i.e.. 



2 7n+2 



'n,m+l • 



(2.12) 



(2.13) 
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Note that F„ „, satisfies tlie tliree-term relation witli respect to n: 

Fn+i,m + {ao^q^" - a2 ^q'^'"*^ - ljF,i „, + a2 ^^^'"'^^i^«-l,m = 0. 



(2.14) 



(2) if/"'"^ satisfies the discrete Toda equation: 



I ii,m I n,m ( i n,m\ , /«+l,m <«— l,m r\ i c\ 

'Aw+i'Aw-i - i-Ayv j + -Ayv "Aw =0- (2-15) 



In general, (2.15) admits a solution expressed in terms of the Toeplitz type determinant 

(2.16) 

for an arbitrary function c„,„, under the boundary conditions 



•A'r = det(c„^,,,„)..^^^^^ (A^>0), 



(Ar = l, ^r = (A^<0). (2.17) 

Since the hypergeometric solutions to ^-Pm satisfy the conditions (2.17), the bilinear equa- 
tion (2.15) is regarded as to fix the determinant structure of the solutions. 



2.2 Hypergeometric solutions to ^-Pn 

Next, we review the hypergeometric solutions to q-Fu. For each A'^ e Z>o, let 0^ be an x 
determinant defined by 



Gk+2 

Gk+i 



Gk+2N-2 
Gk+2N-3 



where Gk satisfies 



Gk-N+l Gk-N+3 



Gk+\ - Gk + 



^k+N-l 



(f>Q = 1, 



Gk 



0. 



Lemma 2.4 ( [25]) satisfies the following bilinear difference equations: 

^ ik-2 ,k+l , ,k ,/t-l ^-N,k-l,k r> 

^Nik+l .k~2 , ^ ~2-k-N,k-l ,k ,k ,k~l n 



(2.18) 



(2.19) 



(2.20) 
(2.21) 



Proposition 2.5 ( [25]) The hypergeometric solutions to q-Pu, (2.2), with c = I are given by 



Y - n Jk+2N)/2^N+i^N_ 



(2.22) 



Proposition 2.5 follows from Lemma 2.4. 



6 



Remark 2.6 (1) The general solution to (2.19) is given by 



+ «^iy(^-zao<? ,q jiV'i I _^i/2' ^ ,?^^o^ !■ 



(2.23) 



where and are periodic functions of period one, i.e., 

A, =A,+i, 5, = 5,+i. (2.24) 

(2) 0^ also satisfies the bilinear equation 

(pN+\(pN-\ - 4>n4>)^^ + ^''N^(f>N^ = 0' (2.25) 
which is a variant of the discrete Toda equation. Under the conditions 

0f, = 1, 4 = (^<0), (2.26) 
(2.25) admits a solution expressed by 

05, = det (c^+2,w-i ),. ,.=1,...,^ > 0)' (2-27) 

for an arbitrary function Hence, (2.25) can be regarded as the bilinear equation that fixes 
the determinant structure of the hypergeometric solutions to ^-Pn. 

2.3 Comparison of the hypergeometric solutions 

By comparing the hypergeometric solution to ^-Pm with that to ^-Pn (see Propositions 2.2 and 
2.5) one may immediately notice that a naive application of the specialization (2.3) to the former 
does not yield the latter. As analogous to the phenomena seen in Section 1, we find the following 
differences between the two solutions: 

(i) the hypergeometric functions are difl'erent. In fact, substituting a2 = q^^^ into (2.14) and (2.12) 

do not yield (2.19) and (2.23), respectively; 

(ii) the determinant structures are diff"erent. 

Besides the determinant formula for the hypergeometric solution to ^-Pn in Proposition 2.5, 
one can also obtain another formula from that to ^-Pm in Proposition 2.2 through a specialization 
(2.3). We set 

fn = ^2n, gn = ^20-1, (2.28) 

and define Gk as 

l+(-l)'= l-(-l)*' 

-0(ao'^'; ^')F. .1 + @{aoh'^' ; ^')F^ „ 



|0(aoV";^')^«,-i (^ = 2n) 
l0(aoV";^')^«,o (k = ln-\) 



(2.29) 
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with Fn,m given in Remark 2.3. The system (2.6) reduces to the equation 

Gk+i -Gk-\ T—rGk-\ = 0, 

which coincides with (2.19). Then we have solutions to ^-Pn: 



(2.30) 



V _ n ^N+iy^N ^ _ -1 (-2n+3)/2 ^N+l^N 

X2n - -aoq .„n n,~i^ ^2„-i - aQ q ,„-i,-i ,„,o ' 



I l',0 I n 



(2.31) 



where 



/ iV 1 



,Ar(Ar^-l)/3 



(-ao2^2„)yV(iV-l)/2 



Gin 

Gln-l 



Gln+l 
-1/ 



q G2„ 



,;i,0 



r N ^ 

jj 0(aoV"2,-2.^2)^ 



(-ao2^2„)iV(iV-l)/2 



^2,1-1 
G2n~3 



Gln+l 

1 ^ 



-2^+3 



G2r,+2N-2 

^-2(N-\)r 

Q Lr2„+2A'-4 

(2.32) 

G2,j+2W-3 
(} '~J2n+2N-5 

(2.33) 



We can conform the shift of indices of (2.32) and (2.33) to that of (2.18). Actually, in (2.32) and 
(2.33), multiplying the i-th row by ao~^q~^"'^^'~^ and ao"^^"^""^^'"^, respectively. Then adding the 
(/ - l)-th row to the z-th row, the indices of G in the z-th row increase by one because of (2.30). 
Repeating this operation, we obtain 



■N{N~\)I2 



n 0(^„2^2„+2,-2.^2)j 



-A'(A'-l)(A'-5)/6 



G2n 
G2n~\ 



G2n+2 
G2n+\ 



G2n~N+l G 



2n~N+3, 



= (-1)" 



A'(A'-l)/2 



' N 2 



'N{N~l){N-2)/6 



G2n-\ G2n+\ 
G2n-2 G2n 

G2n-N G2n-N+2 



■ G2n+2N-2 
• G2n+2N~3 

G2n+N-1 

(2.34) 

^2,1+2^-3 
^2,1+2^-4 



^2n+N-2 



(2.35) 
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Thus, we are led to the following unified expression of (2.31): 



Xu = -a^q' 



(k+2N)/2 



Gk-i 



Gk+2 

Gk+i 



Gk-N+l Gk-N+3 

. , e(ao¥;r) 

Here Aj, is defined by 



Gk+2N-2 
Gk+2N-3 







. 2 2 k+3 
3,H 5 "0 q 



+ A 



eiao'q'^';q') (O 



k+i- 



,q,aoq 



i + (-if i-(-ir 

A| + 5*+i_o 



{k = In) 
{k = 2n-\) 



and is a periodic function of period two, i.e.. 



Ak=A 



k+2- 



(2.36) 



(2.37) 



(2.38) 



(2.39) 



(2.40) 



In fact, both (2.23) and (2.38) give the general solution to the same equation (2.19) (or equiva- 
lently (2.30)). This fact thus implies the existence of certain identities among the basic hypergeo- 
metric series with two different bases q^ and q^^^; see Appendix A. 

In the rest of this paper, we shall clarify the difference of hypergeometric solutions to q-Fm and 
^-Pn (see Propositions 2.2 and 2.5) by using the underlying symmetry of an affine Weyl group. 

Remark 2.7 The correspondence between the rational solutions to ^-Pm (see [10]) and that to q- 
Pn (see [25]) are straightforward. It is easily verified that substituting a2 = q^'^ into the former 
yields the latter. 



3 Projective reduction from ^-Pm to ^-Pn 
3.1 Birational representation of W((A2 + AiY^^) 

We formulate the family of Backlund transformations of ^-Pm as a birational representation of the 
extended affine Weyl group of type (A2 + Ai)*^^^ [11, 17]. We refer to [27] for basic ideas of this 
formulation. 

We define the transformations 5, (z = 0,1,2) and n on the variables fj (j = 0,1,2) and parame- 
ters Uk (fc = 0, 1, 2) by 

Siiaj) = ajar-', s^ifj) = fj (f^) ' > (3-1) 

n(ai) = a,+i, n(fi) = fi+i, (3.2) 
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for i, j G Z/3Z. Here the symmetric 3x3 matrix 

^2 -1 -O 
-1 2 -1 



■1 -1 2 



(3.3) 



is the Cartan matrix of type A^K and the skew-symmetric one 



^ 1-1 
-1 1 

1 -1 ; 



(3.4) 



represents an orientation of the corresponding Dynkin diagram. We also define the transformations 
Wj (j = 0, 1) and r by 

QiQi+iiai^iai + Ui-Ji + ^-1^) 



1 + Qifi + atai+ififi+i 



r{fi) = 7, 

Ji 



wo(a,) = au 
wi(a,) = au 
r{ai) = au 



(3.5) 
(3.6) 
(3.7) 



for i e Z/3a 



Proposition 3.1 ( [17]) The group of birational transformations {sq, Si, S2,n,WQ,Wi, r) forms the 
extended affine Weyl group of type (A2 + Aif^\ denoted by W((A2 -l-Ai)^^^). Namely, the transfor- 
mations satisfy the fundamental relations 



{SiSi+if =n'^ = \, nsi = Si+iTT (i e Z/3Z), wq^ 



Wi^ = r^ = 1, rwQ = W\r, (3.8) 



and the actions ofW{A^:^^) = (sq, si, S2, n) and W{A^^^) = (wq, W[,r) commute with each other 

In general, for a function F = F(a,-, fj), we let an element w 6 W^((A2 + A^f^^) act as w.F(a,-, fj) = 
F{ai.w, fj.w), that is, w acts on the arguments from the right. Note that aQa\a2 = q and /0/1/2 = 
qc^ are invariant under the actions of W{{A2 + Aif^'') and W{A^2)^ respectively. We define the 
translations Ti (i = 1, 2, 3, 4) by 

Ti=ns2Su T2 = sins2, Tj, = S2S\n, = rwo, 

whose actions on parameters a, (z =0,1,2) and c are given by 



(3.9) 



T2 
T3 
T4 



{aQ,ai,a2,c) {qaQ,q~^a\,a2,c), 

(ao,ai,a2,c) (ao,qai,q'^a2,c), 

{ao,aua2,c) {q~^ao,auqa2,c), 

(ao, ai,a2,c) (ao, «i , «2, qc). 



(3.10) 



Note that Tj (i = 1,2,3,4) commute with each other and T1T2T1, = 1. The action of Ti on /- 
variables can be expressed as 



Tiifi) 



qc^ 1 + apfo 
/i/o «o + /o 



7^i(/o) 



qc^ l+a2aoTi{fi) 



foTi(fi) a2ao + Ti{fi) 



(3.11) 
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Or, applying T^'T^^'T/^ (n, m,N eZ) on (3.11) and putting 

j-njjr ^ ^nj^mjN^j-,^ (• ^ 3), (3.12) 

we obtain 

which is equivalent to ^-Pm, (2.1). Then Ti and {i = 2, 4) are regarded as the time evolution and 
Backlund transformations of ^-Pm, respectively. 

In order to formulate the symmetrization to q-^u, it is crucial to introduce the transformation 
Ri defined by 

Ri=n^si, (3.14) 

which satisfies 

Ri^ = Ti. (3.15) 

The actions of Ri are given by 

Ri : {ao,ai,a2,c) ^ {a2ao,aQ~^ ,aiao,c), (3.16) 

Rrifo) = ^^-^, Rm = fo, (3.17) 
Jo/i (^0 + Jo 

which describe the zig-zag motion around the line a2 = q^'^ on the parameter space. However, 
if we put a2 = q^^^, then R^ becomes the translation on the line a2 = q^^^ with the step q^^^ (see 
Figure 1). In fact, the actions of Ri are now given by 

Ri : iao,ai,c) i-^ iq^'^aQ,q~^'^ai,c), (3.18) 

Rm = ^'-^, i?.(/i)=/o. (3.19) 
/o/i (^0 + Jo 

Applying 7?/T4^ on (3.19) and putting 

fi,N = RiVifd (/ = 0,1,2), (3.20) 

we have 

„2iv+i„2 1 + ai^a''^^ 
fk+i _ S. c i^+aoq Jo jv 

Jo,nJq,n "oy Jo,N 

which is equivalent to ^-Pn, (2.2). Then Ri and T4 are regarded as the time evolution and the 
Backlund transformation of ^-Pn, respectively. 

In general, it is possible to obtain various discrete dynamical systems of Painleve type from 
elements of infinite order that are not necessarily translations in the affine Weyl group by taking a 
projection on an appropriate sublattice of corresponding root lattice. We call such a procedure a 
projective reduction. 

By using the above formulation, we can now explain why the difference of hypergeometric 
solutions to ^-Piii and that to ^-Pn occurs. 
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3.2 Hypergeometric functions 

First, we explain about the difference of hypergeometric functions. For convenience, we define the 
function //„ „, by 

= 0(aoV"^';^')^„+i,„P (3.22) 

where F„„j is given in Remark 2.3. Then, we obtain from (2.14) with ^2 = q^^^ the three-term 
relation for //„ 

Hn+2,Q + (ciQ ^" ^ + ciQ ^q ^" ^ - IjHn+ifl + ao '^q ^//„,o 

(3 23) 

= [Tr^ + (ao-V"~' + ao~V"-' - l) + ao'V-'T,"] Ho.o = 0. 

Since Ri^ = Ti, (3.23) is a fourth order difference equation for //„,o = ri"(//o,o) with respect to Ri. 
Moreover, it admits the following factorization into two linear difference operators: 

+ iao-V"-' + ao-'-q-'"-' - l) + q''-'"ao-'T," 

(3 24) 

On the other hand, the three-term relation for G„ = Ri"(Go) (see (2.19)) can be expressed as 

(r,"^' - R," + ao~^q~"Rr') Go = 0. (3.25) 

Note that the second factor in the right-hand side of (3.24) is exactly the operator in (3.25), thus, 
G„ also satisfies (3.23). 

3.3 Determinant structure 

Next, in order to discuss the difference of determinant structures, we need to introduce the t func- 
tions and lift the representation to the Weyl group on the level of r functions [17,40]. We introduce 
the new variables r,- and (i 6 Z/3Z) with 

fi = q"'c^" —. (3.26) 
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Proposition 3.2 ( [40]) We define the action of Si {i = 0, 1, 2), n, wj (j = 0, 1), and r on Tk and tu 

(A; = 0, 1, 2) by the following formulae: 



with 



Siiji) = 77^= 

Vi'T,-+iT/_i + T,+iT,--i 



Si{Ti) 



Si(Tj) = fj (i ^ j). 



Wo(Ti) = 



n(Ti) = Ti+i, 7r(T,) = T,+i, 



, >Vo(t,) = Ti, 



Wi(t,) = 



r(Ti) = Ti, r(Ti) = Ti, 



Ui = q-'l'c-^l'ai, Vi = q"\^l^ai 



Oil) 

(3.28) 
(3.29) 

(3.30) 
(3.31) 



(3.32) 



where i, j e Z/3Z. Then, (sq, S[, S2, n, wq, wi,r) realizes the affine Weyl group W({A2 + Ai)^'^). 




T2 



/ 



T4 



-2-1 



-1,-1 



,-0-1 



Figure 2. Configuration of the r functions on the lattice with N = 0. 
Then, we define the r functions r^'" (n, m,N e Z) by 

n.m rp nrp mrp N 



' N 



T,"T2'ViTi). 



(3.33) 



We note that tq = r-''°, n = rj", T2 = rj^ Tq = t^^'", ?i = t°'°, and ?2 = t?^ 
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Proposition 3.3 The action ofW{{A2 + Ai)^^') on r^^;™ is 

/ «,mN. n,m / n,m\ n,m / /o oc\ 

wo(t^ ) = T_^, wi(t^ ) = T2_^, r(T^ ) = Tj_^. (3.35) 
For convenience, we put 



ai = ai'l\ y = c'l\ Q = q'" . (3.36) 

Though it is possible to derive more various bilinear difference equations from Proposition 3.2, we 
present here only the equations that are directly relevant to ^-Pm, (3.1 1). 

Proposition 3.4 The following bilinear equations hold: 

n,m H+l,m+l /^-3n+3m+2W-2,,2^ 3^i+i.m^i,m+l . /->-6«+6m+4A'-4,,4^ 6 J!,m fi+l,m+l _ r> o^x 

T^N+i^N 7 r^^j +(j r ai T^+i - u, (3.3/) 

n+l,m+l n+l,m /n3n+2A'+4,,2„ 3 n,m '!+2,m+l , /o6(!+4/V+8,,4„ 6 r> /o ton 

T^r+i -Q 7 0:0 T^^j +2 r «'0 T^^l = 0, (3.38) 

n+l,m+l n,m y^-3n+3m-2A'-4. -2„ 3_n+l,m ;!,m+l , y^-6;i+6m-4A'-8, -4„ 6 n,m r> /o 'jn\ 

»+l,m H+l,m+l /^3n-2A'+2, -2^ 3 Ji,m Ji+2,m+l . ^6n-4A'+4, ,-4„ 6 Ji+l,m fi+l,m+l r> /irvx 

n,m n,m , y^-8«+4m-4„ -4„ 4 / Ji,m\'^ y^-2«+m-l -1 n+l,m n-l,m /-> /"5 /I i \ 

+ Q ai [Tj^ ) - Q ffo ffiT^ ^/v = 0- (3-41) 

The proof of Proposition 3.4 will be given in Appendix B. 1 . 

As seen below ^-Pm, (3.11) or (3.13), can be obtained from the bilinear equations. Noticing 

that 

n,m n,m+l n,m+\ _n~\,m n~\,m n,m 

rn.m _ qAN+2 A N+\^N rn.m _ q4N+2 4 N+1 'N rn,m _ q4N+2 4 ]_N+\__[n_ ,^ .y^ 

-'0,N ^ ' n,m n,m+i ' l,N ^ ' n,m+l «-l,m' -'2,N ^ ' n-i,m n,m ' V • 

we can rewrite (3.37) and (3.39) as 

n+l,m n,m+l 

1 I ri-6n+6m-6^ 6 rn+l,m ,-^-3n+3m+2N-2^,2 „ 3 N N+l m An\ 

^ ^ J\,N ^ I ^ n,m n+l,m+l ' ^ ' 

~n+i'n 

n+[,m n,in+l 

1 , y^6;i-6»!+6„ -6w?+l,07 y-,3n-3m+2A'+4,,2^ -3 A'+l N roAA\ 
^ ^ JIM ^ I ^ n,m ;i+l,m+l ' ^ ' 

respectively. Dividing (3.44) by (3.43), we have 

- — = (J ai ; r = (J ai ; — , (3.45) 



2,^ 



which is equivalent to the second equation of (3.13). Similarly, (3.38) and (3.40) yield the first 
equation of (3.13). 

For the hypergeometric solutions, we relate the t functions to the determinants t^^'", (2.5), by 
multiplication of appropriate "gauge" factor. We set 



={—\ )^(^+ 1)/2 Q-2{2n~m)N^ +6Nn ^^~4N- +6N ^^~2N- 



0(-e-6"ao-^; e6)0(-e^"'a2-'; e')f 



X nQ^"-"^^'aoW, Q, Q)nQ-"^^'"-'aiW, Q, QWiQ-^-'^ajW, Q, Q) ^n'"'', (3-46) 
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and put 7=1. Then the bilinear equations (3.37)-(3.41) can be rewritten as 

I n,m ,n+i,m+i /^~l2n+l2N „ -12/;i+l,m , n,m+l , /->-12n„ -12 i n,m /»+l,m+l r\ /n An\ 



/n+l,m+l in+\jn /-^-\2N i n,m /n+2,m+l /-\\2n+\2 12 />!+l,m+l in+l,m r\ /■o /iO\ 

,n+l,m+l ,11,171 ,n+l,m , n,m+l , /^12m+12 -12 /n+l,m+l , n,m p. ^rv\ 

^iv+1 - "Aiv+i + 2 «2 (Aw (A^+i = 0, (3.49) 

/n+l,m /«+l,m+l /^12m+12 -12 / n,m , n+2,m+l in+l,m /n+l,m+l n /"? CA\ 

^A^+jiAyv-i - (lAw j +'A/v =0, (3-51) 



respectively. Equations (3.47)-(3.50) are equivalent to (2.7)-(2.10). Note that (3.51) is exactly 
the discrete Toda equation, (2.15), which fixes the determinant structure of the hypergeometric 
solutions as mentioned in Remark 2.3. 

Remark 3.5 The gauge factor t^'"/iA^'"~' in (3.46) is obtained by solving the overdetermined 
system of the bilinear difference equations with y = I under the boundary conditions r^'" = 
(A^eZ<o) [26]. 

Let us consider the bilinear equations for ^-Pn. Since we need Ri, r,, and r, (z e Z/3Z), the 
lattice is restricted to the "unit-strip" (see Figure 3). Therefore, we have only to consider r'lf and 
{n,NeZ). We set 

Ti=7?iV(Ti). (3.52) 

Note that 

To = ro^ Ti = T°, T2 = Tq\ To = rf-, Ti = Tj, r2 = T'i\ (3.53) 
In general, it follows that 



and 




(3.54) 
(3.55) 



Figure 3. The actions of Ri on r, (i = 0, 1, 2). 



Proposition 3.6 The following bilinear equations hold: 

y^(-3k+4N+2)/2^2„ -3k+lk-2 rt-^k+4N+2^4 „ -6k-lk k-l k n. /o c/-x 

y^(-3k-4N-2)/2^-2^ -3k+l k-2 rt-3k-4N~2^~4 ^ -6 k k-l k k-\ p. c^n 

Q "y ao T^^+i^^ -2 r ffo ^n^n^\- ^n^x^n =0, (3.57) 

^Z.+ l f)(k-4N^\)P -2 J,^2Jc-\ /0-<:+4A'-l,.4^ -2_/: J+l _ H '^S^ 
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The proof of Proposition 3.6 will be given in Appendix B.2. 

One can obtain ^-Pn, (3.19), from Proposition 3.6 as follows. Equations (3.56) and (3.57) can 
be rewritten as 

^ + Q Q'o Jo,N = Q y Q^o -^—nT' (3.59) 

k+\ k-2 

1 + »o Jo,N = (2 7 ao —j—r-r- (3. 60) 



Dividing (3.60) by (3.59), we have 



1 + n^^ry 6 fk k+1 k-2 

"0 7o,/V ^3k^, 6^N+VN _ ^3k-l2N-6^,n ^6 rk+l rk rk-l 



o^. ^+1 k-2 - Q y o;o JoMkN ' (3-ol) 



which is equivalent to (3.21). 

For hypergeometric solutions, by putting y = 1 and 

,,NiN-ry2^mN-rmn)^. 2mN-i) nQ'''''''W; Q, Q)nQ''V;Q, QWiQ^-'^'^^'aQ-'; Q, Q) 



(3.62) 



we can rewrite the bilinear equations (3.56), (3.57), and (3.58) as 

e6N-6k+6^ -l2,k+l,k-2 , n6N ik-\ ik ,k-\ ,k c\ fn C.'l.\ 

Q'''4>n'A~' + Q-'^'-Wn'Pn'i - 4.i<f>N' = 0, (3.64) 

(f>N+i^N-i - 4>n4>^n^ + (Pn^^'n^ = 0, (3.65) 



which are equivalent to (2.20), (2.21), and (2.25), respectively. The determinant structure of the 
hypergeometric solutions is fixed by (3.65) as was explained in Remark 2.6. 

Therefore, the difference of the determinant structures of the hypergeometric solutions to ^-Pm 
and that to ^-Pn originates from the following procedures: 

(i) the specialization a2 = q^^^ and the restriction of t functions on the "unit-strip"; 

(ii) taking the half-step translation instead of T\ as a time evolution. 

These result in the difference of the bilinear equations (3.41) (or (3.51)) and (3.58) (or (3.65)), 
which fix the determinant structure of the hypergeometric solutions. 



4 Concluding remarks 

In this paper, we have clarified the mechanism that gives rise to the apparent "inconsistency" in 
the hypergeometric solutions to ^-Pm and that to ^-Pn by using their underlying afiine Weyl group 
symmetry. In general, it is also possible to explain the inconsistency among the hypergeomet- 
ric solutions to other symmetric and asymmetric discrete Painleve equations (see, for example. 
Propositions 1.1 and 1.2). 
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Before closing, we demonstrate another example of the projective reductions. Let us consider 
the following system of difference equations [28]: 



where X„, 7,,, and Z„ are the dependent variables, n e Z is the independent variable, and a, h\,hi, t G 
C are parameters. Equation (4.1) is one of the discrete Painleve systems of type Pl]^ \ Namely, it 
arises from a Backlund transformation of the Painleve V equation, which describes a translation in 
a different direction from (1.4). Putting bi = b2 = bj, = b, X„ = Xi,n-i, Yn = JC3,,, and Z„ = Xi,n+i, we 
can reduce (4.1) to 

an + b 

Xn+l + Xn-^l = + t, (4.2) 

Xn 

which is known as a discrete Painleve I equation [36]. This reduction from (4.1) to (4.2) is a typical 
example of the projective reductions other than a symmetrization. 

It seems that various projective reductions of the discrete Painleve systems change the underly- 
ing symmetry and yield a number of intriguing problems. One interesting project is to make a list 
of the hypergeometric functions that appear as the solutions to all the symmetric discrete Painleve 
equations in Sakai's classification [13, 14,39]. These will be discussed in forthcoming papers [16]. 

Acknowledgement. The authors would like to express their sincere thanks to Prof. M. Noumi 
for fruitful discussions and valuable suggestions. They acknowledge continuous encouragement 
by Prof. T. Masuda, Prof. H. Sakai, and Prof. Y. Yamada. They also appreciate the valuable 
comments from the referees which have improved the quality of this paper. This work has been 
partially supported by the JSPS Grant-in-Aid for Scientific Research No. 19340039. 

A On the difference equation (2.19) 

In this appendix, we consider the equation (2.19) (or (2.30)): 

U,^,-Ut + -^M,^i=0. (A.l) 

Recall that we have obtained two solutions to the equation above, i.e, (2.23) and G^. (2.38). 
These are described as follows: 

Gk = AkVk + BuWu, (A.2) 

V, = maoq'''^'"'; q"\n (_^^i/2; -iaoq''-^''"'^ , (A.3) 

w, = @{-iaoq'''-'^l\q'l')m (_^^i/2; q"\ iaoq'''''A , (A.4) 
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and 



Gk = AkVk+Ak+iWk, 



Vk = 



Wk 



(q; q^)co 







2 9 k+'? 

m\^,q ,ao-q " 



(A.5) 
(A.6) 

(A.7) 



Here Ak and Bk are periodic functions of period one, and Ak is that of period two. For an initial 
value (Uq, Ui) given, the values of Uk (k e Z) are determined recursively by (A.l). Since the 



Casoratians 



Vo Wo 
Vi Wi 



and 



(A.2) and (A.5) are specified by the initial value as 



Vo Wo 
Wi Vi 



do not vanish for generic values of ao and q, the coefficients of 



Ao 
Bo 

Ao 



Vo Wo 

Vi Wi 

Vo Wo 

Wi Vi 



-1 



(A.8) 
(A.9) 



Hence we conclude that (A.2) and (A.5) give two diff"erent expressions of the general solution to 
(A.l). 

Next we shall show an identity among the basic hypergeometric series i(pi with two diff"erent 
bases q^ and q^^^. It follows from (A.8) and (A.9) that 



Ao 
Ai 



VoVi - ViWo WoVi - WiWo 



VoVi - WoWl VqVi - WoWl 
ViVo - VqWi WiVo - WoWl 



Ao 
Bo 



(A.IO) 



VVoVi - WoWl VqVi - WoWl / 

By definition we can express Vk, Wk, Vk, and Wk as functions in ao, namely, 

Vk = v((Xoi>\ Wk = w{aoq"\ h = v{aoq"\ w, = w(ao^'^'). (A.l 1) 

Note that w(ao) = v(-ao). Substituting Ao = (or Bo = 0) in (A.IO) leads to the following formula: 

v(ao^'') = y(ao)viaoq") + z{ao)w{aoq"), (A. 12) 

where 



v(ao)v(ao^'''^) - v(ao^^'^)w(ao) 



y(ao) 



1/2^ 



z(ao) 



v(aoq^'^)v(ao) - v{ao)w{aoq^'^) 



v(ao)viaoq^'^) - w(ao)w(ao<?'^^)' v(ao)v(«o<?'^^) - w(ao)w(ao<?^^^)' 

Also, we have z{ao) = y{aoq^^^) and y{ao) = zia^^q^l^) from (A. 12) with n = 1. 



(A.13) 



B Derivation of bilinear equations 

In this appendix, we derive various bilinear equations for t functions from the birational represen- 
tations of W{(A2 + Ai)^'^) given in Proposition 3.2. 
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B.l Bilinear equations for ^-Pm 



We use the notations introduced in (3.33) and (3.36). For convenience, we classify the bilinear 
equations into six types so that any equations which belong to the same type can be transformed 
into each other by the action of W((A2 + Ai)^^'). 



Proposition B.l (Type I: Discrete Toda type) The following bilinear equations hold: 

= 0. 



'n+\n-i 



+ Q 



-8n+4m-4^, -4^, 4/'_n,m\ /T 



2«+m-l„, -K, _(H 



' N 



(B.l) 
(B.2) 
(B.3) 



■ N+l 



n,m+l 


n,m 




n,m-l 



n,m 
'N-l 



_n,m 
~N+1 



n,m 
•N+l 





n+\,m+\ 

T n-\,m 


n+l;m 


n-\,m-\ 


T 

n,m ' ' ■ ■ . 


' 

_n,m ' ' ■ ■ . 



,m 



■N-l 



Figure 4. Configuration of t functions for the bilinear equations of type I. Left: (B.l), center: 
(B.2), right: (B.3). 



Proof. Application of T4. = rwo on tq yields 



Tl 



T2 



T1T2 



(B.4) 



which is rearranged as 

„ , _2/3 -1/3 -1 -i/s'^oTl /^^^V^^aiToT2 + Tor2\/^'''^c2''^a2TiTo + Til 

l4\To)~C do (l\ (^2 

Tl \ T0T2 /\ TiTo 

Applying T2 = S2nsi and Tt, = 52 ■^i^ on tq and ri, respectively, we obtain 

„l/6„l/3 1/2 7^ /- X _ ^1/3 „2/3^ _ - , - _ 

q c a\ t\12\Jq) - q c aiToT2 + roT2, 

„l/6„l/3 1/2 r \ - n^l^r^l^n t ^ J^^ t 

q c a2 T2ij,\T\)-q c a2TiTo + TiTq. 
Using (B.6) and (B.7), we can rewrite (B.5) as 

r4'(ro)To + af^l^a2^'^T,{Tof - aC'W''T2T4(To)T3T4(Ti) = 0. 



(B.6) 
(B.7) 

(B.8) 



Then by applying Ty'^^T2'"T4"-\ Ti'T2"'T4"~^n, and Ti'T2"'~^T4"-^n^ on (B.8), we obtain (B.l), 
(B.2), and (B.3), respectively. □ 
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Figure 4 shows the configuration of r functions in the bilinear equations. Each bilinear equation 
takes the form of a linear combination of the three quadratic terms in t functions. In the left figure, 
we mark the first, the second, and the third multiplication of r functions of (B.l) with the square, 
the circle, and the triangle, respectively. In the rest of this paper, we use similar representations as 
above. 

Proposition B.2 (Type II: Discrete 2d-Toda type) The following bilinear difference equations hold: 

(1 - Q-''''W'K'':jTi + Q"-''"'aoa2''Tl^''"'''T"-''"'-' - g'-^Voa^V/^V^-^ = 0, (B.9) 
(1 - Q'^WK^.t"^:, + Q''"''WVr";'''"rl~'''" - e-'"aoff2''C''"-V;7'''"-' = 0, (B.IO) 

(1 - Q''"-'''WW'K':,T';i'", + q''"-'''WWK'''"^'n'''" - ^""'"'^oaaVr'V^-' = o. 

(B.ll) 




Figure 5. Configuration of t functions for the bilinear equations of type II. Left: (B.9), center: 
(B.IO), right: (B.ll). 

Proof. Equation (B.9) is derived by eliminating t/„,„ from (B.l) and (B.2). We obtain (B.IO) and 
(B . 1 1 ) in a similar manner. □ 

Proposition B.3 (Type III) The following bilinear equations hold: 

//-i4«-8m+4„ -4„ 4 /^4/+4m„ 4„ -4\ / ;j,hA^ , /^n+m „ „ -1 «+l,m+l «-l,m-l 

(2 ai a2 -Q ffo ai )[Tn ) + Q aoon 

en-2m+l -1 n,m+l n,m-l _ rv /'R n^ 

Q'oQ'2 =0, (B.13) 

//-i-8n+4m-4„ -4„ 4 yo4;i-8m+4„ -4„ 4\ / n,m\^ /-i-2n+m-l -1 (!+l,m n-l,m 

(2 ao ai - Q Qfi Qf2 ) (r^ j - 2 ao ^iT^y 

Proof. We obtain (B.12) by eliminating T/m,«+iT/m„_i from (B.l) and (B.2). Other equations can 
be derived in a similar manner. □ 

Proposition B.4 (Type IV) The following bilinear equation holds: 

ao (1-2 «2 )T;v - 2 ^2 (1 - 2 »0 )Ta, 

, //T-12m^, -12 /^-12/^, -12\ jJ+l,m+l n-l,m-l _ /T} 1 c\ 

+ (2 ^2 -2 «o )T;v =0. (B.15) 
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Figure 6. Configuration of r functions for the bilinear equations of type III. Left: (B.12), center: 
(B. 13), right: (B.14). 




Figure 7. Configuration of r functions for the bilinear equations of type IV. 



Proof. Equation (B.15) can be derived by eliminating r^'" from (B.12) and (B.13). □ 
Proposition B.5 (Type V) The following bilinear equations hold: 

n,m n+l,m+l ^n+m-2N^-2„ 2„ n+l,mn,m+l ^-2n+2m-4N , A „ -4„ -2 n,m n+l,m+l r\ /TJ i /;\ 

-Q 7 aiTj^ -Q y ao ai Tj^ =0, (B.16) 

(B.17) 
(B.18) 

n+l,m+ln,m ^n+m+2N,2„ 2„ n,m+ln+l,m ^~2n-2m-AN , -A „ -4„ -2n+\,m+\ n,m p. /TJ i n\ 

n.m n+\,m r^-2n+m+2N 2 -3 -1 -2 n,m-\ n+l,m+l /->4n-2m-4A' -4 6 2 4 n,m n+i,m r\ 

-Q r «o Q'l Q'2 -Q y ao ai a2 = 0, 

(B.20) 

CV"C-r^' - Q"'^'"''^''7^aoa2^^f-"'^'^'f - Q-^"^''"-'''y-'ao-W%^''"'Tl^''"'^' = 0. (B.21) 
Proof. First, we prove (B.16)-(B.18). We rewrite (B.4) as 

T4(jo) - c-''W^Wa2-^"— (q"'c^"a,Tof2 + T0T2) - c''WW'a2— = 0. (B.22) 

T1T2 ^ T2 

By using (B.6), we have from (B.22) that 

T4{to)t2 - c~'^'ao''"'ar'"a2-"^TiT2{To) - ^''ao"'ai^"a2Tof2 = 0, (B.23) 
which is equivalent to 

rr^r4'(Ti)r2(Ti)-c-^/^ao"'^'ar'^'fl2"'^'r4(Ti)rrir2r4(Ti)-c2/^aoi/'ai2/^a2rr^r4(Ti)r2r4(Ti) = o. 

(B.24) 
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Figure 8. Configuration of r functions for the bilinear equations of type V. Upper left: (B.16), 
upper center: (B. 17), upper right: (B.18), lower left: (B.19), lower center: (B.20), lower right: 
(B.21). 



We obtain (B.16), (B.17), and (B.18) by applying Ti'^^T2"'T^"~\ Ti^^^T^"T^"-^n, and Ti'^^T^''T^"'^n 
on (B.24), respectively. 

Next, we prove (B.19)-(B.21). We rewrite (B.4) as 

r4(To) - a:i\2-'l' — iq'l'^l\2T,r, + r,T,] - c-^l' ao-'" af' a,-^''^-^ = 0. (B.25) 

T1T2 ^ ' Ti 

By using (B.7), we have from (B.25) that 

T^\to)t, - c'"ao"''ai''W"T3T4(T,)T4(T2) - c-^"ao-"'ar'a2-^'^T4{To)T4(Ti) = 0. (B.26) 

We obtain (B.19), (B.20), and (B.21) by applying Ti'-'^T2'V^n^, Ti'^^T2'V\ and Ti'+^Tz'^r/"' 
on (B.26), respectively. □ 

Proposition B.6 (Type VI) The following bilinear equations hold: 

T^N+i^N -Q 7 ai r'^^j +Q 7 r^+i = 0, (B.27) 

n+l,mn,m /^-3in+2N+\,2 „ 3n+l,m+ln,m~l , /^-6m+4N+2,,4 „ 6n+l,mn,m n ^t) oo\ 

~Q y 0:2 Tj^ T^^j +Q 7 0:2 T^^j = U, (B.28) 

n+l,m+l n+l,m /^3ii+2N+4,,2 ^ 3^i,mn+2,m+\ , /n6n+4A'+8,,4„ 6 ji+l,m+l ji+l,m n /r> on\ 

-Q 7 aot^ T^+i +Q 7 aot^ r^^j = 0, (B.29) 

n,m n+l,m /o-3m-2/V-l,,-2„ 3 Ji+l,m+l J,m-1 , /^-6m-4A'-2,,-4„ 6^n,m n+l,m rv iTJ T 1 \ 

T^+i-T^ -2 r ff2 T^+i +2 r ^2 r^+i =0, (B.31) 

H+l,m H+l.m+1 /^3)i-2A'+2, -2^, 3^,m Ji+2,m+l . ^6(1-4^+4, -4„ 6 »+l,m+l r> ^t> ton 

Proof. First, we prove (B.27)-(B.29). Equations (B.27), (B.28), and (B.29) can be derived by 
applying Ti'-'^T2'"T4", Ti'-'^T2'"T4"n, and Ti"-^T2'"T4"n^ on (B.7), respectively. 
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Figure 9. Configuration of r functions for the bilinear equations of type VI. Upper left: (B.27), 
upper center: (B.28), upper right: (B.29) lower left: (B.30), lower center: (B.31), lower right: 
(B.32). 



Next, we prove (B.30)-(B.32). By applying T2 on tq, we obtain 

„-l/6 -1/3 1/2- rj. , s 1/3 -2/3 - - _ _ n 

q c Ui T\i2\jQ)-q c aiTiTo - T2T0 - u. 



(B.33) 



Equations (B.30), (B.31), and (B.32) can be derived by applying T^'^^Tz'"!/', Ti'^^T^^'T^^n, and 



ri'+^r2"T4";r2 on (B.33), respectively. 



□ 



Remark B.7 The bilinear equations in Proposition 3.4 correspond to (B.27), (B.29), (B.30), (B.32), 
and (B.3). 



B.2 Bilinear equations for ^-Pn 

The bilinear equations for ^-Pn are derived from the equations in Section B. 1 . Since the parameter 
space and r functions are restricted, we only have to pick up the bilinear equations that consist of 
the T functions on the "unit-strip," and to rewrite them in terms of R\ instead of Ti (see Figure 3). 
Therefore, only the bilinear equations of type V and VI are relevant. We use the notation in (3.52). 



Proposition B.8 The following bilinear equations hold: 

Jc+\ Jc+2 _ ^(k-4N+2)/2 -2 ^k+3 k _ ^~k+4N-2,A 



y ao t'j^ 

2^k+2^k+\ 



Jc+2 Ji+\ _ ^{k+4N+2)/2„.2„ Jc+3J 
'A?+1'W-1 ^ 



2. ,2^, _K+3_*: /~i 



-k-4N-2 



y tto 



Q 



-i3k-4N.4,2^2^^-3^.3^^^^ _ q 
g-(3..4A..B)/2^-2^^-3^^.3^^^ _ 



-3yt+4A'-4,,4„ -6k+\k+2 



y tto 



^3k-4N~ 



4„ -6k+2k+l 



y ao T 



0, 
0, 

l' N " 

.k+2 Jc+l 



k+l 



N 



0, 
= 0. 



(B.34) 
(B.35) 
(B.36) 
(B.37) 
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Proof. Noticing (3.53), we obtain from (B.23) 

Rf'-T4\T,)Rr\Ti) - q-"'^c-'''ao"'T4(ri)Rr'T,(T,) - q'''^''ao-"'Rr^T,iT,)R,-'T,(ri) = 0, 

(B.38) 

from which (B.34) is derived by applying Ri'"'^^T4"'K Similarly, we have 



r/(Ti)7?r'(Ti) - q'''c'"ao'''RiT4iTi)RC'T4(T,) - q-'i'c-'''ao-'"T4{T,)Rf'T4{T,) = 0. (B.39) 

by applying n on (B.26). Then we obtain (B.35) by applying R^'^'^^T^"'^ on (B.39). Equation 
(B.36) is derived by applying i?!'"^"* on 



q'l'c'l^ao-"^TiRf^T4{Ti) - q'^c^'ao-'Ri-^rORr'T^iry) - Ry-'-T4(T,)Rr\T,) = 0, (B.40) 

which follows from (B.6). Finally, we obtain (B.37) by applying Ri'"'^^T4" on 

q-"'c-"'ao'"^T4iT,)Rr\Ti) - q-'^\-'-^\o''Rf\T,)RC^T4{T,)-R,-'T4{T,)Ri-\T,) = 0, 

(B.41) 

which is follows from (B.33). □ 
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Figure 10. Configuration of r functions for the bilinear equations in Proposition B.8. The figures 
correspond to (B.34), (B.35), (B.36), and (B.37), respectively, from the left to the right. 



Remark B.9 The bilinear equations in Proposition 3.6 correspond to (B.36), (B.37), and (B.34). 
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